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We present new results for the complete two-loop corrections in the soft approximation for W and Z boson
production at large transverse momentum. Analytical expressions for the NNLO approximate corrections are
used to calculate transverse momentum distributions. Results for the W boson pT distribution at Tevatron and
LHC energies are presented.
1. Introduction
The production of W and Z bosons in hadron colliders is important in testing the Standard Model and in the
search for new physics, as it is a background to Higgs production and new gauge bosons. Here we present new
results for the theoretical calculation of the differential cross section at large transverse momentum. We begin in
Section 2 by presenting the leading-order (LO) partonic production channels and presenting some numerical LO
results for the W pT distribution. In Section 3 we discuss the structure of the NLO corrections and identify an
important subset, the soft-gluon corrections. In Section 4, we discuss NNLL resummation of these corrections
via two-loop calculations. In Section 5 we present the approximate NNLO pT distribution for W production at
the LHC and the Tevatron. We conclude in Section 6 with a summary.
2. Partonic channels at LO
The LO partonic processes for W (or Z) production at large pT are
q(pa) + g(pb) −→W (Q) + q(pc)
and
q(pa) + q¯(pb) −→W (Q) + g(pc) .
We define s = (pa+pb)
2, t = (pa−Q)2, u = (pb−Q)2, and s4 = s+t+u−Q2. At the partonic threshold s4 → 0.
As we will see later, the soft-gluon corrections are of the form [lnl(s4/p
2
T )/s4]+ while the virtual corrections are
δ(s4) terms.
In all numerical results below we use the MSTW2008 NNLO pdfs [1]. We begin with leading-order results for
W production at the Tevatron. In Fig. 1 we show results for the LO pT distribution, dσ/dp
2
T , for W production
at the Tevatron. Here we have set the factorization scale µF equal to the renormalization scale µR, and in the
numerical results in Fig. 1 we set this common scale, denoted as µ, equal to pT . We show separate results for
the two LO channels as well as for their sum. We note that the qg and qq¯ channels are equally important. The
pT distribution falls rapidly as pT increases.
Leading-order results for W production at the LHC at 7 TeV energy are shown in Fig. 2, again with µ = pT .
The qg channel is numerically dominant at this energy for all pT values shown in the plot.
The corresponding leading-order results for W production at the LHC at 14 TeV energy are shown in Fig. 3.
Again the qg channel is numerically dominant.
In Fig. 4 we show the LO scale dependence for W production at the LHC at 14 TeV. We have chosen pT = 80
GeV and plot the pT distribution as a function of µ/pT . We show three curves. One has the common scale
µ = µF = µR varied by two orders of magnitude. Another sets µ = µF and varies this scale while keeping µR
fixed, µR = pT . The third sets µ = µR and varies this scale while fixing µF = pT . At LO the factorization
scale, µF , and renormalization scale, µR, dependence largely cancel each other, so that the µ = µF = µR line
shows relatively mild variation.
In Fig. 5 we show the corresponding LO scale dependence at 7 TeV energy at the LHC. Comparings Figs. 4
and 5 we note a somewhat different scale dependence at 7 and 14 TeV.
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Figure 1: LO pT distribution for W production at the Tevatron.
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Figure 2: LO pT distribution for W production at the LHC at 7 TeV.
3. NLO corrections
The complete NLO corrections were derived in [2, 3]. The NLO cross section can be written as
EQ
dσˆfafb→W (Q)+X
d3Q
= δ(s4)αs(µ
2
R)
[
A(s, t, u) + αs(µ
2
R)B(s, t, u, µR)
]
+ α2s(µ
2
R)C(s, t, u, s4, µF ) .
The coefficient functions A, B, and C depend on the parton flavors. The coefficient A(s, t, u) arises from the
LO processes. B(s, t, u, µR) is the sum of virtual corrections and of singular terms ∼δ(s4) in the real radiative
corrections. C(s, t, u, s4, µF ) is from real emission processes away from s4 = 0.
The NLO corrections are crucial in reducing theoretical uncertainties and thus making more meaningful com-
parisons with experimental data for W production [4–6] and Z production [7–9] at large transverse momentum.
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Figure 3: LO pT distribution for W production at the LHC at 14 TeV.
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Figure 4: Scale dependence of the LO pT distribution for W production at the LHC at 14 TeV.
At NLO and higher orders terms appear that arise from soft-gluon emission. These soft-gluon corrections are
of the form
Dl(s4) ≡
[
lnl(s4/p
2
T )
s4
]
+
and are numerically dominant for processes near partonic threshold, such asW or Z production at large pT . For
the order αns corrections l ≤ 2n− 1. At NLO, we have D1(s4) and D0(s4) terms, which appear in the analytical
expressions for the exact NLO corrections. At NNLO, we have D3(s4), D2(s4), D1(s4), and D0(s4) terms.
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Figure 5: Scale dependence of the LO pT distribution for W production at the LHC at 7 TeV.
4. Two-loop soft-gluon resummation
We can formally resum these soft logarithms for W and Z production at large pT to all orders in αs. This
resummation was derived at NLL accuracy in [10] and has been applied to W production at the Tevatron [11]
and the LHC at 14 TeV [12]. In [11] approximate NNLO cross sections were derived from the NLL resummed
cross section. After matching with the exact NLO corrections, the NNLO D3(s4), D2(s4), and D1(s4) terms
were completely determined. However, only an approximate form of the NNLO D0(s4) terms was provided.
New two-loop results for the soft anomalous dimensions for W and Z production [13] now allow us to determine
the NNLO D0(s4) terms fully. We note that recently a different resummation approach, based on Soft Collinear
Effective Theory, has also been applied to W and Z production at large pT [14].
Soft-gluon resummation follows from factorization properties of the cross section, performed in moment space.
The resummed cross section is
σˆres(N) = exp
[∑
i
Ei(Ni)
]
exp
[
E′j(N
′)
]
exp

∑
i=1,2
2
∫ √s
µF
dµ
µ
γi/i
(
N˜i, αs(µ)
)
×H (αs) S
(
αs
(√
s
N˜ ′
))
exp
[∫ √s/N˜ ′
√
s
dµ
µ
2ReΓS (αs(µ))
]
where the first exponential resums the collinear and soft-gluon radiation from the inital-state partons, the
second exponential resums corresponding terms from the final state, H is the hard-scattering function, S is the
soft-gluon function and ΓS is the soft anomalous dimension.
We expand ΓS as
ΓS =
αs
pi
Γ
(1)
S +
α2s
pi2
Γ
(2)
S + · · ·
The one-loop result, Γ
(1)
S , is obtained from the UV poles of one-loop eikonal diagrams, and was first derived in
[10].
We determine Γ
(2)
S from the UV poles of two-loop dimensionally regularized integrals for the eikonal diagrams
shown in Figs. 6, 7, 8.
For qg →Wq (or qg → Zq) the one-loop soft anomalous dimension is
Γ
(1)
S, qg→Wq = CF ln
(−u
s
)
+
CA
2
ln
(
t
u
)
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Figure 6: Two-loop eikonal diagrams for W or Z production-Set 1.
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Figure 7: Two-loop eikonal diagrams for W or Z production-Set 2.
and the two-loop soft anomalous dimension is
Γ
(2)
S, qg→Wq =
K
2
Γ
(1)
S, qg→Wq ,
where K = CA(67/18− ζ2)− 5nf/9.
For qq¯ →Wg (or qq¯ → Zg) the corresponding results are
Γ
(1)
S, qq¯→Wg =
CA
2
ln
(
tu
s2
)
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Figure 8: Two-loop eikonal diagrams for W or Z production-Set 3.
and
Γ
(2)
S, qq¯→Wg =
K
2
Γ
(1)
S, qq¯→Wg .
5. W production at the Tevatron and the LHC
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Figure 9: NNLO approximate pT distribution at the Tevatron.
In Fig. 9 we plot LO, NLO, and approximate NNLO results for the W -boson pT distribution at the Tevatron.
We have set µ = µF = µR = pT . We note that the NLO corrections are large and the NNLO approximate
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corrections are significant.
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Figure 10: NNLO approximate pT distribution at the LHC at 7 TeV.
In Fig. 10 we plot LO, NLO, and approximate NNLO results for the W -boson pT distribution at the LHC
at 7 TeV. We note that the NLO corrections are even larger than at the Tevatron and the NNLO approximate
corrections are again significant.
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Figure 11: NNLO approximate pT distribution at the LHC at 14 TeV.
The corresponding results at 14 TeV energy at the LHC are shown in Fig. 11, with similar conclusions for
the size of the higher-order corrections.
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6. Summary
We have presented new theoretical results for W and Z production at large pT . We have discussed LO and
NLO results and identified the soft-gluon threshold corrections as an important set of corrections. We employed
two-loop resummation to calculate NNLO threshold corrections. These corrections are significant and must
be included for greater theoretical accuracy. New results for the approximate NNLO pT distribution in W
production at the Tevatron and LHC were presented. More work is under way.
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